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Abstract
The existence of a decomposition space with a dendritic structure of a topological space
({0, 1}Λ, τΛ
0
) is discussed. Here, Λ is any set with the cardinal number ≻ ℵ, {0, 1}Λ = {ϕ :
Λ → {0, 1}}, τ0 is the discrete topology for {0, 1} and the topology τ
Λ
0 for {0, 1}
Λ is the
topology with the base β = {< Gλ1 , . . . , Gλn > ; Gλ1 ∈ τ0, . . . , Gλn ∈ τ0, {λ1, . . . , λn} ⊂
Λ, n ∈ N} where the notation < Eλ1 , . . . , Eλn > concerning the subset Eλi , i = 1, . . . , n of
{0, 1} denotes the set {ϕ : Λ→ {0, 1} ; ϕ(λ1) ∈ Eλ1 , . . . , ϕ(λn) ∈ Eλn , ϕ(λ) ∈ {0, 1}, λ ∈
Λ− {λ1, . . . , λn}}.
1 Introduction
In the present paper, the existence of a dendrite as a decomposition space of a topo-
logical space each of whose elements is a map ϕ from a set Λ whoes cardinal number is
greater than or equal to ℵ to {0, 1} will be discussed.
Some mathmatical definitions and statements which appear in the text are listed below.
A) [1] Let (D, τ(D)) be a decomposition space of a topological space (X, τ). That is, D is
a collection of nonempty, mutually disjoint subsets of X such that
⋃
D =
⋃
D∈D
D = X ,
and τ(D) is the decomposition topology given by {U ⊂ D;
⋃
U =
⋃
D∈U
D ∈ τ}. A dec-
omposition D of (X, τ) is called usc (upper semi continuous) provided that for any el-
ement D ∈ D and for any U ∈ τ containing D, there exists u ∈ τ such that D ⊂ u and
if A ∩ u 6= φ for A ∈ D, then A ⊂ U .
B) [2] Let D be a decomposition of a set X . A subset Y of X which is a union of subcol-
lection of D, that is, for some U ⊂ D, Y =
⋃
U(=
⋃
D∈U
D), is said to be D-saturated.
C) Let f : (X, τ)→ (Y, τ ′) be a continuous, closed, onto map. Then, i) [3] The decom-
position space (Df , τ(Df)) of (X, τ) due to f is usc. Here, the decomposition Df of X
is given by Df = {f
−1(y) ⊂ X ; y ∈ Y }. ii) [4] For any pair f−1(y) and K ∈ ℑ (K is a
closed set of (X, τ)) such that f−1(y) ∩K = φ, there exists a Df -saturated V ∈ τ sat-
isfying the relations f−1(y) ⊂ V and V ∩K = φ.
D) [5] Let X be a zero-dimensional (abbreviated as 0-dim), perfect, compact T1-space.
Then, for any compact metric space Y , there exists a continuous map f from X onto
Y .
E) [6] If f : (X, τ)→ (Y, τ ′) is a quotient map, that is, an onto map f which is character-
ized by the relation τ ′ = τf(= {u
′ ⊂ Y ; f−1(u′) ∈ τ}), then h : (Y, τ ′)→ (Df , τ(Df)),
y 7→ f−1(y) is a homeomorphism. Namely, the decomposition space Df of X is topolo-
gically equivalent to Y .
F) [7] A locally connected, connected, compact metric space containing no simple closed
curve as its subspace is called a dendrite.
G) [8] Let (X, τ) be compact. If any two distinct points x and y are separated in X , that
is, there exists a closed and open (clopen) set G such that x ∈ G and y 6∈ G, then (X,
τ) is 0-dim.
2 A dendrite as a decomposition space of a 0-dim, perfect, com-
pact T1-space
Let (X, τ) be a 0-dim, perfect, compact T1-space. Since the dendrite (Y, τd) is
a compact metric space by its definition 1,F), according to 1,D), there exists a con-
tinuous map f from (X, τ) onto (Y, τd). Any continuous map from a compact space
onto a T2-space is easily verified to be closed. A continuous, closed, onto map is ob-
viously a quotient map. We are convinced from 1,E) that the decomposition space
(Df , τ(Df )) of (X, τ) due to the map f is homeomorphic to the dendrite (Y, τd) un-
der the homeomorphism h : (Y, τd)→ (Df , τ(Df)), y 7→ f
−1(y). The decomposition space
(Df , τ(Df )) is metrized by means of the homeomorphism h and the metric d of Y as
ρ(D,D′) = d(h−1(D), h−1(D′)), D,D′ ∈ Df . That is, the decomposition topology τ(Df )
is identical with the metric topology τρ. Since the metric space (Df , τρ) is a locally con-
nected, connected, compact metric space which contains no simple closed curve owing to
the homeomorphism h, it must be a dendrite. From 1,C),i), this dendrite (Df , τρ) based
on the continuous, closed, onto map f is usc. Therefore, according to 1,C),ii) each element
f−1(y) of this dendrite Df is topologically characterized by the property that, for any pair
f−1(y) and K ∈ ℑ such that f−1(y) ∩K = φ, there exists Df -saturated V ∈ τ such that
f−1(y) ⊂ V and V ∩K = φ.
3 Topological space ({0, 1}Λ, τΛ0 )
Let Λ be a set with CardΛ ≻ ℵ and let τ0 be the discrete topology for {0, 1}. τ
Λ
0
is
a topology for {0, 1}Λ = {ϕ : Λ → {0, 1}} with the base β = {< Gλ1 , . . . , Gλn >;Gλ1 ∈
τ0, . . . , Gλn ∈ τ0, {λ1, . . . , λn} ⊂ Λ, n ∈ N}. Here, the set {ϕ : Λ → {0, 1};ϕ(λ1) ∈
Eλ1 , . . . , ϕ(λn) ∈ Eλn , ϕ(λ) ∈ {0, 1}, λ ∈ Λ− {λ1, . . . , λn}} concerning the subset Eλi , i =
1, . . . , n of {0, 1}, is denoted by < Eλ1 , . . . , Eλn >.
In the followings, we will show that the space ({0, 1}Λ, τΛ
0
) is 0-dim, perfect, compact
T1-space. First, we will check dim{0, 1}
Λ = 0. Since ({0, 1}, τ0) is a compact space,
the product space ({0, 1}Λ, τΛ
0
) is also compact due to Tychonoff. If ϕp and ϕq are dis-
tinct two points of {0, 1}Λ, there exists an index λ0 ∈ Λ such that ϕp(λ0) 6= ϕq(λ0).
Without loss of generality, we can put ϕp(λ0) = 0 and ϕq(λ0) = 1. The open set
< Gλ0 = {0} >= {ϕ : Λ → {0, 1};ϕ(λ0) ∈ {0}, ϕ(λ) ∈ {0, 1}, λ ∈ Λ − {λ0}} of {0, 1}
Λ
clearly contains the point ϕp and does not contain the point ϕq, that is, ({0, 1}
Λ, τΛ
0
) is a
T1-space. According to 1,G), it is sufficient for the space ({0, 1}
Λ, τΛ0 ) to be 0-dim, that the
open set < Gλ0 = {0} > is, at the same time, a closed set. Any point ϕ ∈< Gλ0 = {0} >
is not contained in the open set < G′λ0 = {1} > and any point ϕ 6∈< G
′
λ0
= {1} > must
be contained in the set < Gλ0 = {0} >. Therefore, the set < Gλ0 = {0} > is equal
to the complement of the open set < G′λ0 = {1} >. This means that < Gλ0 = {0} >
is a colsed set. Next, to prove that the space ({0, 1}Λ, τΛ0 ) is perfect, let us consider
H ∈ τΛ
0
− {φ}. For a point ϕa ∈ H , there exists a base < Gλ1 , . . . , Gλn > containing
ϕa such that < Gλ1 , . . . , Gλn >⊂ H . Since the set Λ is not a finite set, there exists
λ¯ ∈ Λ − {λ1, . . . , λn} such that ϕ(λ¯) ∈ {0, 1}. Let ϕ
′
a be a point of {0, 1}
Λ defined
as ϕa(λ) = ϕ
′
a(λ) for λ 6= λ¯ and ϕa(λ¯) 6= ϕ
′
a(λ¯). It is clear that ϕ
′
a is contained in
< Gλ1, . . . , Gλn > as well as ϕa. Therefore, the nonempty open set H contains at least
two points. This means that the space ({0, 1}Λ, τΛ
0
) is perfect.
4 Conclusion
Since the space ({0, 1}Λ, τΛ0 ) is confirmed to be a 0-dim, perfect, compact T1-space, the
discussions in the section 2 can be applied to this space. As a consequence, there exists
a decomposition space D of ({0, 1}Λ, τΛ
0
) which has a dendrite structure. Although the
space ({0, 1}Λ, τΛ
0
) where CardΛ ≻ ℵ is not metrizable[9], its decomposition space D is
metrizable as a dendite. Finally, we note that there exists a decomposition space of the
space ({0, 1}Λ, τΛ0 ) one of whose decomposition space has the dendritic structure again
(See Appendix).
Appendix
Using the following lemma, we will confirm the existence of a decomposition space Df
of ({0, 1}Λ, τΛ
0
) which has a decomposition space with the dendritic structure again.
[Lemma] Let (X, τ) be a 0-dim, perfect, compact T0-space. Then, there exists a non
empty 0-dim, perfect, compact T0-proper subspace (Y, τY ) of (X, τ).
Proof. Since X is a perfect T0-space, there exist at least two distinct points x and x
′
and there exists an open set U such that, without loss of generality, x ∈ U and x′ 6∈ U .
Since X is 0-dim, there exists a set u ∈ τ ∩ ℑ which contains x and is contained in U .
Taking this clopen set u as Y , we obtain a 0-dim, perfect, compact proper subset (Y, τY )
of (X, τ).
Now for the above space (X, τ) and its subspace (Y, τY ), let us define a map f :
(X, τ)→ (Y, τY ) as
f(x) =
{
x , x ∈ Y
q , x ∈ X − Y
Here, q is an arbitrarily chosen point of Y . Since 0-dim T0-space is necessarily a T2-space,
the singleton {q} is a closed set. Thus, it is easy to see that the map f is a continuous,
closed map from X onto Y [10], that is, the map f is a quotient map. Let us note that the
decomposition space Df due to this not one to one map f is not the trivial decomposition
{{x}; x ∈ X}. From 1,E), (Df , τ(Df )) is homeomorphic to 0-dim, perfect, compact T0-
space (Y, τY ), and then, (Df , τ(Df)) must be a 0-dim, perfect, compact T0-space. Since
any 0-dim, T0-space is a T2-space, all of the discussions in the text concerning the space
({0, 1}Λ, τΛ
0
) can be repeated for the decomposition space (Df , τ(Df )) of ({0, 1}
Λ, τΛ
0
).
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